This paper considers a local least absolute deviation estimation for unit root processes with generalized autoregressive conditional heteroskedastic (GARCH) errors and derives its asymptotic properties under only finite second-order moment for both errors and innovations. When the innovations are symmetrically distributed, the asymptotic distribution of the estimated unit root is shown to be a functional of a bivariate Brownian motion, and then two unit root tests are derived. The simulation results demonstrate that the tests outperform those based on the Gaussian quasi maximum likelihood estimators with heavy-tailed innovations and those based on the simple least absolute deviation estimators.
INTRODUCTION
In this paper we consider autoregressive (AR) unit root processes with generalized autoregressive conditional heteroskedastic (GARCH) errors,
where k, p, q are known nonnegative integers, y t = y t − y t−1 , ω > 0, α i ≥ 0, i = 1,..., p, β j ≥ 0, j = 1,...,q, k ≥ 1, k = 1 refers to the pure unit root case, and innovations {ε t } are independent and identically distributed (i.i.d.) with mean zero and finite variance. The GARCH models were proposed by Bollerslev (1986) and are usually considered in modeling the phenomena of time-varying conditional
We thank Bruce Hansen and two anonymous referees for valuable comments and the Hong Kong Research Grant Council, grant HKU 7031/04P, for partial support. Address correspondence to Wai Keung Li, Department of Statistics and Actuarial Sciences, University of Hong Kong, Pokfulam Road, Hong Kong; e-mail: hrntlwk@hku.hk. variance in financial and economic time series. If the parameters α 1 ,...,α p and β 1 ,...,β q are assumed to be zero, then {e t } will be an i.i.d. white noise sequence. For this case, the problem of unit root testing has been extensively and well discussed. For both empirical and theoretical considerations, more and more statisticians and econometricians recently focused on various unit root processes with non-i.i.d. errors; see Phillips and Durlauf (1986) , Phillips (1987) , Chan and Wei (1988) , Herce (1996) , etc. Obviously, in this literature, how to estimate and test hypotheses on the unit root parameter φ in models satisfying (1) and (2) are important problems. For model (1) with conditional heteroskedasticity, the least squares (LS) estimation and the augmented Dickey-Fuller tests may encounter some intrinsic problems; see Pantula (1988) . The simulation experiments in Kim and Schmidt (1993) also showed that these tests are often overrejecting, especially for the near integrated cases in which, e.g., α 1 + β 1 ≈ 1 for GARCH (1, 1) . This phenomenon can be explained partly by loss of efficiency because the score function of LS estimation did not involve the structure of conditional variance. Ling and Li (1998) and Seo (1999) investigated the local Gaussian quasi maximum likelihood estimation (QMLE) for models satisfying (1) and (2) under conditions Ee 4 t < ∞ and Ee 8 t < ∞, respectively. The tests based on the local Gaussian QMLE are shown not only to be more powerful but also to have more stable sizes than (augmented) Dickey-Fuller tests based on LS estimation; see Seo (1999) and Ling, Li, and McAleer (2003) . However, the parameter space of GARCH models is much more limited for higher order moments, and the condition Ee 4 t < ∞ may be too stringent for some real data; see Ling (2007) . For AR(1) unit root processes with GARCH(1,1) errors, sharpened the results in Ling and Li (1998) and proposed a one-step local Gaussian QMLE for the unit root parameter φ with conditions Ee 2 t < ∞ and Eε 4 t < ∞ and with ε t symmetrically distributed. The unit root tests based on the one-step local Gaussian QMLE were shown to outperform Dickey-Fuller tests based on LS estimation; see . However, how to perform estimation and test for unit roots in the general setting of (1) and (2) with only finite second-order moment for e t are important open problems.
The innovations ε t in (2) are generally assumed to be normally distributed, and it is well known that a stationary GARCH process can exhibit more heavy-tailed marginal distribution than the normal distribution. However, Mikosch and Stȃricȃ (2000) showed that the tails of fitted GARCH models with normal innovations seem to be much thinner than the tails appearing in the real data, and their empirical experiments demonstrated that the innovations may be so heavy-tailed that the fourth moment is infinite; see also Mittnik, Rachev, and Paolella (1998) , Politis (2004) , and Zhang, Li, and Yuen (2006) . For pure GARCH processes with Eε 4 t = ∞, Hall and Yao (2003) showed that the Gaussian QMLE may not be asymptotically normal and the range of possible limit distributions is extraordinarily large; see also Mikosch and Straumann (2006) . Hence, for model (1) with GARCH(1,1) errors under condition Eε 4 t = ∞, the asymptotic distribution for the estimated unit root in may no longer be obtained, and the unit root tests in may fail to correctly identify the unit root in the data. Herce (1996) considered a simple least absolute deviation (LAD) estimation for the unit root processes with finite variance errors, which may be correlated, and developed several unit root tests that can still be used for the case of GARCH errors with Eε 4 t = ∞. Because of the loss of efficiency, these tests in Herce (1996) may have lower powers, and this is supported by the simulation results in Section 4.
In this paper, we propose a LAD estimation methodology for unit root processes with GARCH errors, taking into account both efficiency and heavy tails. The asymptotic distribution of a local LAD estimator is derived under only finite second moments for both errors and innovations. When the innovations are symmetrically distributed, the asymptotic distribution of the estimated unit roots is shown to be a functional of a bivariate Brownian motion, and then two unit root tests are derived. These tests are found to have asymptotically either conditional or unconditional normal distributions, and the simulation results in Section 4 demonstrate that they outperform those based on the one-step local Gaussian QMLE in for the case with heavy-tailed innovations and outperform those based on the simple LAD estimators in Herce (1996) for all cases.
This paper is arranged as follows. Section 2 discusses the asymptotic properties of a local LAD estimator for models satisfying (1) and (2). Section 3 introduces two derived unit root tests, and the simulation results are presented in Section 4. The proof of Theorem 2.1 is given in the Appendix. Throughout this paper, · is the euclidean norm, o p (1) denotes a series of random numbers converging to zero in probability, O p (1) denotes a series of random numbers that are bounded in probability, → d denotes convergence in distribution, and D = D[0, 1] denotes the space of functions on [0, 1] that is defined and equipped with the Skorokhod topology (Billingsley, 1968) .
ASYMPTOTIC PROPERTIES OF LAD ESTIMATION
For models satisfying (1) and (2), denote their parameter space by , a compact set in R k+ p+q+2 . Let α = (α 1 ,...,α p ) , β = (β 1 ,...,β q ) , ψ = (μ, ψ 1 ,...,ψ k−1 ) , γ = (ω, α ,β ) , δ = (ψ ,γ ) , and θ = (φ, δ ) , where θ is the parameter vector. The true parameter vector θ 0 = (0,δ 0 ) is supposed to be an interior point of . Note that the true value of the parameter μ is also equal to zero.
Assumption 2.1. The median of ε t is equal to zero, E|ε t | = 1, Eε 2 t = σ 2 < ∞, and the density function f (x) of ε t is continuous at the origin. Assumption 2.2. α i > 0, i = 1,..., p, β j > 0, j = 1,...,q, Ee 2 t < ∞, and the polynomials ∑ p i=1 α i z i and 1 − ∑ q j=1 β j z j have no common root. Assumption 2.3. All roots of the polynomial ψ(x) = 1−ψ 1 x −···−ψ k−1 x k−1 are outside the unit circle.
Note that Assumption 2.1 unitizes the quantity E|ε t | instead of Eε 2 t , so that Eε 2 t = var(|ε t |) + 1 > 1. Hence, we need to rescale the parameters in the GARCH process (2), and the necessary and sufficient condition for Li and Li (2005) . For simplicity, we assume that these parameters in (2) have already been rescaled to satisfy Assumption 2.1.
Given observations y 1 ,..., y n from a model satisfying (1) and (2) with the initial value y 0 = 0, we consider the LS estimator φ LS and the simple LAD estimator φ SLAD as follows:
where e t (θ) = e t (φ, ψ) = y t − φy t−1 − ψ z t−1 and z t = (1, y t ,..., y t−k+2 ). The estimator φ LS can be used to construct augmented Dickey-Fuller tests and is well known to be sensitive to outliers. The estimator φ SLAD is a direct improvement of φ LS , and the tests based on φ SLAD should be more powerful under heavy-tailed errors. Note that the structure of conditional variance is ignored by the score functions of these two estimators and hence they are expected to be inefficient.
To take into account the structure of conditional variance, we first define the
In real applications, initial values are needed to calculate the functions h t (θ) and are set to be zero for simplicity. By the proof in the Appendix, the initial values have no effect on the asymptotic results. Note that the two quantities, h t (θ 0 ) and h t , are quite different, where θ 0 is the true parameter vector and h t is the exact conditional variance. On the other hand, h t can be considered as a function of δ 0 , and we can define its first-and second-order derivative functions, denoted, respectively, by ∂h t /∂δ and ∂ 2 h t /∂δ∂δ . Furthermore, the behaviors of ∂h t (θ)/∂φ are different from those of ∂h t (θ)/∂δ, and we cannot even define the quantity ∂h t /∂φ. We now introduce the LAD estimation for models satisfying (1) and (2), taking into account efficiency and heavy tails. As we know for linear models, the LAD estimation can be considered as the maximum likelihood estimation (MLE) under assumption of double exponential innovations; see Bassett and Koenker (1978) , Davis and Dunsmuir (1997) , etc. In this paper, we just use this approach to define the LAD estimation for a model satisfying (1) and (2). Suppose that ε t , instead of e t , in (2) follows a double exponential distribution with density g(x) = 0.5e −|x| and then, for time series {y t } generated by (1) and (2), the log transformation of the conditional likelihood function is equal to −L n (θ) − n log 2, where
Hence, the LAD estimator is defined as follows:
To present the asymptotic results of the preceding LAD estimation, we first state some notation as follows:
and 0 is a zero vector or matrix with corresponding dimensions. Based on the preceding notation, we state the asymptotic distribution of the LAD estimator θ n as follows.
THEOREM 2.1. If Assumptions 2.1-2.3 are satisfied, then there exists a local minimizer
The proof of the preceding theorem is delayed to the Appendix. Note that the matrix generally is not diagonal and it makes the asymptotic distribution of the estimated unit roots φ n complicated. By some algebra, we can show that
.
(3)
Denote by 1 a lower triangular matrix such that 1 1 = and it has the form
Brownian motion with independent components. Then, following , we can rewrite the asymptotic distribution in (3) as
where ω 1 (τ ) and ω 2 (τ ) are the first two components of ω(τ ) and η * is a normal distribution with variance
It is a challenging problem to directly determine the LAD estimators θ n for models satisfying (1) and (2) because the log-likelihood function L n (θ) has no derivatives with respect to φ and ψ. We here introduce the local quadratic approximation (Fan and Li, 2001) to overcome this problem; i.e., we can iteratively minimize
where φ (m) and ψ (m) are the results of the mth iteration. For the initial values, we can take φ (1) and ψ (1) to be the simple LAD estimators. Then some classical algorithms such as the Newton-Raphson method can be used to obtain estimates for the current iteration because the new objective function is smooth. For the LS estimator φ LS , by an argument similar to that of φ n , we can show that (4), and η LS is a standard normal random variable independent of 1 0 ω 2 1 (τ ) dτ − 1 0 ω 1 dτ 2 ; see Phillips (1989) . The asymptotic distribution of the simple LAD estimator φ SLAD has an even more complicated form than that of φ n , and we omit it here.
UNIT ROOT TESTS BASED ON LAD ESTIMATES
In the previous section, the asymptotic distribution of the local LAD estimator φ n is derived under some very general conditions; however, it is rather complicated to be useful in practice. In this section, some simplifying conditions are imposed to make it more applicable for unit root tests.
When ε t is symmetrically distributed, it holds that
where i = 1,..., k − 1, j = 2,..., k + p + q + 1, and δ j is the jth element of the vector δ. The matrix is then diagonal, and we can simplify the asymptotic distributions in (4) now. Furthermore, we can also obtain that κ 1 = 0, F 2 = I 1 , and F 3 = FI 1 . Hence, the asymptotic distribution in (4) can be simplified as
where
Note that there are two nuisance parameters, γ 1 and γ 2 , in (7). As in Phillips (1987) and Phillips and Perron (1988) , we may modify the quantity n φ n such that these two nuisance parameters can be removed from the asymptotic distributions of the resulting test statistics; see also Lucas (1995) , Herce (1996) , and . The random variables, η LS and η LAD , in (5) and (7) generally depend on each other in a complicated way, and we need some extra quantities to simplify the asymptotic distributions. We here consider the LS estimator for an auxiliary regression,
We can readily show the following lemma.
LEMMA 3.1. If Assumptions 2.1-2.3 are satisfied, then
where ω 1 (τ ) is defined as in (4).
The asymptotic distribution in Lemma 3.1 is just the first term of that in (7), up to a constant γ 1 . Using this result and (7), we can construct a unit root test,
where γ 1 (or γ 2 ) is a consistent estimator of γ 1 (or γ 2 ). Furthermore, we can also consider the corresponding t-ratio test as follows:
For the quantities F 1 , γ 1 , and γ 2 in L φ and L t , we suggest the following method. Let e t = e t ( θ n ), h t = h t ( θ n ), and ε t = e t / h t . It can be shown that the quantities (1/n) ∑ n t=2 ( y t ) 2 ,
and κ 2 , respectively. For f (0), we can use a kernel method to estimate the density function of the sequence { ε t }, which is assumed to be i.i.d., and it can be shown that f (0) is a consistent estimator of f (0), where f (x) is the fitted density; see Silverman (1986) and Roussas (1988) . By using the preceding estimated values to replace the corresponding terms in γ 1 (or γ 2 ), we can obtain a consistent estimator γ 1 (or γ 2 ). Based on (7), Lemma 3.1, and Theorem 2.1, we can show that the preceding test statistics are asymptotically distributed with conditional or unconditional normality under the null hypothesis of unit root.
where ω 1 (τ ) is a standard Brownian motion and η is a standard normal random variable independent of 1 0 ω 2
The distribution of ε t is assumed to be symmetrical in the preceding theorem, and, as pointed out by the referees, this restriction may be violated in real applications. However, to construct practical unit root tests, this condition, or condition (6) at least, is necessary to simplify the asymptotic distribution in (4). By the simulation results in Section 4, we note that the distortion of the sizes of L φ and L t is not serious when the condition of symmetry is violated. Note also that in practice ε t is often assumed to have either a normal or Student's t-distribution.
The asymptotic distributions in Theorem 3.1 have the classical forms, and some of the critical values for the test L φ can be referred to Table 1 of Herce (1996) or Table 5 of . Furthermore, the test L φ has normalization n; however, the test L t is normalized by ∑ n t=2 ( y t−1 −ȳ) 2 1/2 , which is O p (n 1/2 ) under the stationary alternatives. This suggests that the test L φ is more powerful than its t-ratio statistic when the sample size is large.
For the simple LAD estimator φ SLAD , if ε t is symmetrically distributed, we can show that (4), and η SLAD is a standard normal random variable independent of 1 0 ω 2 1 dτ − 1 0 ω 1 dτ 2 . Note that, for AR(1) unit root processes, the condition of symmetry can be removed in deriving the asymptotic distribution in (8). Similarly, by Lemma 3.1 and (8), the unit root tests based on the simple LAD estimator can be constructed as follows:
where γ 1 and γ 2 are, respectively, consistent estimators ofγ 1 andγ 2 . We call L φ and L t Herce tests because they are the direct extension of those in Herce (1996) . It can be shown that the asymptotic distributions of the preceding two tests are the same as those of the statistics L φ and L t , respectively. Based on the LS estimator φ LS , by Lemma 3.1 and (5), we can construct the augmented Dickey-Fuller tests for AR(k) unit root process with k > 1,
where γ 1 and γ 2 are, respectively, consistent estimators ofγ 1 andγ 2 . It can be shown that the preceding augmented Dickey-Fuller tests have the same asymptotic distributions as those of the statistics L φ and L t , respectively. However, when the true values of the parameters ψ 1 ,...,ψ k−1 are all equal to zero, the second item of the asymptotic distribution in (5) vanishes, i.e.,γ 1 = 1 andγ 2 = 0, and the tests Z φ and Z t cannot be used again. Let Z φ = n φ LS and Z t be its corrected t-ratio test. Then they are just the Dickey-Fuller tests, and some of their critical values can be found in Tables 10.A.1 and 10.A.2 of Fuller (1996) . Note that the symmetry of ε t is not used in deriving the augmented Dickey-Fuller tests.
SIMULATION RESULTS
In this section, we present the results of some simulation experiments that we performed to compare the test statistics designed in Section 3 with (augmented) Dickey-Fuller tests, Herce tests, and the unit root tests in (henceforth LLM tests).
Recall that, for the AR(1) unit root processes with GARCH(1, 1) errors, LLM tests have the forms of
where φ ML is the one-step local Gaussian QMLE and F * (or K * ) is just the quantity F (or K ) in . It has been shown that these tests have the same asymptotic distributions as the Herce tests and our tests. In the following simulation experiments, we used the same critical values for these three types of tests. Specifically, the significance level was set to 0.05, and the acceptance region was (−6.79, 6.71) for L φ , L φ , and Z φ and (−1.96, 1.96) for the other three; see Table 1 of Herce (1996) . For the sake of comparison, we employed the same generating processes as in ,
where ω = 0.1 and (α 1 ,β 1 ) = (0.2, 0.7), (0.3, 0.6), and (0.4, 0.5). Four distributions, the standard normal, the double exponential, and t-distributions with 5 and 3 degrees of freedom (t (5) and t (3)), were considered to check the performance of these tests with heavy-tailed innovations, and the pseudo random numbers were first standardized to be mean zero and variance one. The AR parameter φ was set to zero to check for the sizes and 0.05, 0.025, or 0.01 to check for the powers. We considered the sample size n = 300, and there were 1,000 replications for each combination of parameter vector (φ,ω,α 1 ,β 1 ) and distribution of innovations.
We applied all tests to each replication. Note that for replications driven by t (3) innovations, the fourth moment of ε t is infinite and LLM tests are not available. Hence, only the other three types of tests were considered for this case. The simple LAD estimator φ SLAD was calculated by the DRLAV subroutine, the double precision version of the least absolute value regression subroutine in the International Mathematical and Statistical Library (IMSL), as in Herce (1996) . For the LAD estimator φ n and the one-step local Gaussian QMLE φ ML , we used, respectively, the algorithms in Section 2 and , and the Newton-Raphson method was employed to optimize the corresponding objective functions. The nuisance parameters were estimated by the methods in Section 3 with a chosen bandwidth. It would be ideal, in practice, to use a data-driven bandwidth as in Jones, Marron, and Sheather (1996) ; however, such an approach may involve a huge amount of computation in the simulation experiment. For simplicity, the bandwidth was set to be 0.3. Our experiments and simulation results, which are available on request, demonstrate that the estimated values f (0) are all close to the true values. The significance level was set to 0.05, and the critical values for Dickey-Fuller tests can be obtained from Tables 10.A.1 and 10.A.2 of Fuller (1996) . The empirical powers and sizes are listed in Tables 1  and 2. The sizes of the Dickey-Fuller tests in Tables 1 and 2 are all greater than the nominal value 0.05, which is consistent with the finding in Kim and Schmidt (1993) . Note that the GARCH errors exhibit more heavy-tailed feature when the value of α 1 is larger and the innovations are more heavy-tailed. As in , the Dickey-Fuller tests are also more sensitive when the errors are more heavy-tailed. Furthermore, in terms of power, the Dickey-Fuller tests also perform the worst for time series with a near to unit root situation, i.e., φ = 0.01 or 0.025. In contrast, the tests designed in Section 3 have acceptable sizes, which are all close to their nominal value of 0.05. The sizes of L t are comparable to those of L t ; however, the sizes of L φ are slightly more sensitive than those of L φ . Second, all powers of our tests in Tables 1 and 2 are significantly greater than those of the Herce tests. This may be due to loss of efficiency of the simple LAD estimators. Compared with the LLM tests, our tests also have larger powers for cases with heavy-tailed innovations, i.e., double exponential or t (5). It is within expectation that LLM tests perform best for the case with normal innovations because the Gaussian QMLE is just the MLE and would be most efficient. As suggested by the co-editor, we also conducted an experiment to check the sizes of our tests in Section 3 when the innovations were asymmetrically distributed. The same generating process as that in the previous experiments was employed here, and the innovation sequence {ε t } came from a mixed t-distribution, taking values of a 1 |t f 1 | and −a 2 |t f 2 |, respectively, with probability 0.5, where the two constants a 1 and a 2 made sure that Eε t = 0 and Eε 2 t = 1. We considered the following AR(2) unit root process to fit each sample:
e t = ε t h t , ,  TABLE 3 . The empirical sizes in percentages for the mixed t-distributed innovations with 5 and t f 2 degrees of freedom
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Note: Augmented Dickey-Fuller tests: Z φ and Z t ; Herce tests: L φ and L t ; our tests: L φ and L t . and two different distributions of ε t were considered in this experiment with ( f 1 , f 2 ), respectively, equal to (5, 7) and (5, 11) . Note that LLM tests cannot be used here. The empirical sizes of the other three types of tests are listed in Table 3 . Furthermore, from the derivation in Section 3, the sizes of the augmented Dickey-Fuller tests should be close to the nominal value, 5%, and those of the Herce tests and our tests are supposed to be distorted. Nevertheless, Table 3 shows that the sizes of all the tests are affected to some extent. Although the empirical sizes of L φ and L t are slightly distorted, the situation seems better than for the other tests. Finally, we conclude that our tests can be usefully applied when time series have time-varying conditional variance with heavy-tailed innovations, even when the fourth moment of innovations is finite. LEMMA A.1. If Assumption 2.2 is satisfied, then it holds that, for 0 < ρ < 1,
Proof. Let
where I k is a k × k identity matrix and 0 k×l is a k × l zero matrix. Then the function h t (θ) can be rewritten as
in the almost sure sense. Note that, by Assumption 2.2 and Lemma A.1 of Li and Li (2008) , it holds that |u q B j u q | < C 1 ρ j for all j ≥ 0, where 0 < ρ < 1 and C 1 is a constant. By some straightforward calculation, we finish the proof of this lemma. n LEMMA A.2. Under Assumptions 2.1-2.3, the following conditions are jointly satisfied: Proof. Let λ = (λ 1 ,λ 2 ,λ 3 ) be a (k + p + q + 2)-dimensional constant vector with λ λ = 0, where λ 2 and λ 3 , are, respectively, k-and ( p + q + 1)-dimensional vector. Let F t = σ (ε t ,ε t−1 ,...) be a σ -field generated by {ε t ,ε t−1 ,...} and denote
Note that { t , t ∈ Z } is a martingale difference with respect to {F t , t ∈ Z }.
Denote S m = n −1/2 ∑ m t=1 t . It is readily shown that ES 2 n = λ λ and 0 < λ λ < ∞, where is defined as in Theorem 2.1. Note that the sequences { t } and {E( t 2 |F t−1 )} are both strictly stationary and ergodic. Hence, it is easy to show that A.1) in the almost sure sense and, for any > 0,
By the invariance principle for martingales (Hall and Heyde, 1980) , (A.1), and (A.2), we have that
where W (τ ) is a Brownian motion with variance τ λ λ. Then, by Cramér's device,
Hence, following Theorem 2.2 in Kurtz and Protter (1991) , (i)-(v) hold jointly. 
Note that s
(1) n (v) is a smooth function with respect to v. Then, by Taylor expansion, Lemma A.1, and the inequalities at the end of this Appendix, it holds that
We now consider the item ∂h t (θ 0 )/∂φ in the preceding approximation. Denote r t,i = ∑ i r =1 ψ −1 (B)e t−r . It holds that y t−i−1 = y t−1 − r t,i and Er 2 t,i ≤ C 2 i, where C 2 is a constant. Then,
where B 0 is just the matrix B in the proof of Lemma A.1 evaluated at the true parameter vector and
with a finite constant C 3 . For the first item in (A.3), by Lemma A.1, we can show that
Similarly, by Theorem 3.1 in Ling and Li (1998) , we can show that see also the proofs of Lemmas 4.4 and 4.6 in .
For the item s
(2) n (v), we can show that s (2)
Note that s
(2) n (v) is not a smooth function with respect to v. We will finish the proof of this theorem first and then the proof of equation (A.7) because it is complicated.
By (A.3)-(A.7) and Lemma A.2, we have shown that
where is defined in Theorem 2.1. Note that the random function s(v) has a unique minimizer. Following Lemma 2.2 and Remark 1 of Davis, Knight, and Liu (1992) , we complete the proof of Theorem 2.1. where sgn(x) is equal to 1 for x > 0 and −1 for x < 0; see Knight (1998) . Hence, we can rewrite the item s
(2) n (v) as follows:
where z t = (1, y t ,..., y t−k+2 ) . By the inequalities given at the end of this Appendix, we know that
For the second summation in (A.8), let ζ t (v) = 2 √ h(θ) v 1 y t−1 /n+v 2 z t−1 / √ n 0 I (e t ≤ s) − I (e t ≤ 0) ds.
